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$a,$
$b$ $0$
$\Gamma:=Z\oplus Zi\oplus Zj\oplus Zij$ $(i^{2}=a, j^{2}=b, ij=-ji)$
$Z$ $a=-1,$ $b=-1$ $Z$ ( )
[8]
Theorem 1 (Sanada [8]). :




Question 1. $a=-1,$ $b=-1$ $\Lambda$ $\mathbb{Q}$ ( )
$\Lambda$ $HH^{*}(\Lambda)$ ?
Question 2. $a,$ $b$ $0$ $\Gamma$
$HH^{*}(\Gamma)$ ?
\S 2, \S 3
\S 1. Preliminaries
(Hochschild cohomology) Hochschild [6], Cartan
and Eilenberg [2], MacLane [71
$R$ ( ) $\Lambda$ $R$ $M$
$\Lambda$ $\Lambda^{e}=\Lambda\otimes_{R}\Lambda^{op}$ $\Lambda$ $M$ $n$
:
$H^{n}(\Lambda, M):=Ext_{\Lambda^{e}}^{n}(\Lambda, M)$ .




$\Lambda$ $1\in Z\Lambda\simeq HH^{0}(\Lambda)$ $HH^{*}(\Lambda)$
$Z\Lambda$ $\Lambda$ $HH^{*}(\Lambda)$ graded-commutative,
$\alpha\in HH^{p}(\Lambda),$ $\beta\in HH^{q}(\Lambda)$ $\alpha\beta=(-1)^{pq}\beta\alpha$
\S 2. Hochschild cohomology ring of a maximal order of the ordinary quaternion
algebra
$A$ $\mathbb{Q}$ ( )
$A:=\mathbb{Q}\oplus \mathbb{Q}i\oplus \mathbb{Q}j\oplus \mathbb{Q}ij$ $(i^{2}=-1, j^{2}=-1, ij=-ji)$
$\alpha=(1+i+j+ij)/2$
$\Lambda:=Z\oplus Zi\oplus Zj\oplus Z\alpha$
$A$ ( $\Lambda$ ).
$i\alpha=\alpha-1-j=i-1-\alpha i$ , $j\alpha+\alpha j=j-1$ , $\alpha^{2}=\alpha-1$ .
1, $i,$ $\alpha,$ $i\alpha$ $Z$ $\Lambda$ $Z$ $\{1, i, \alpha, i\alpha\}$








$q\geq 0$ $Z_{q}=(\Lambda\otimes\Lambda)^{q+1}$ $\Lambda\otimes\Lambda$ $q+1$
$k$ $1\otimes 1$ $0$
$Z_{q}$ $c_{q}^{k}$ :
$c_{q}^{k}=\{\begin{array}{ll}(0, \ldots, 0,1\bigotimes_{\check{k}}1,0, \ldots, 0) (if 1\leq k\leq q+1),0 (otherwise).\end{array}$
$1<k$ $k>q+1$ $c_{q}^{k}=0$ $Z_{q}=\oplus_{k=1}^{q+1}\Lambda c_{q}^{k}\Lambda$
Theorem 3. $\Lambda$ $\Lambda$
$(Z, \partial)$ :. . . $arrow Z_{3}arrow^{\partial_{3}}Z_{2}arrow^{\partial_{2}}Z_{1}arrow^{\partial_{1}}Z_{0}arrow^{\partial_{0}}\Lambdaarrow 0$
$\partial_{0}$ : $Z_{0}arrow\Lambda;\lambda_{1}c_{0}^{1}\lambda_{2}=\lambda_{1}\otimes\lambda_{2}\lambda_{1}\lambda_{2}$ (multiplication maP)
$\partial_{q}:Z_{q}arrow Z_{q-1}$ $(q>0)$
$\partial_{q}(c_{q}^{s})=\{\begin{array}{ll}ic_{q-1}^{s}+c_{q-1}^{s}i+\alpha c_{q-1}^{s-1}+c_{q-1}^{s-1}\alpha-c_{q-1}^{s-1} for q even,ic_{q-1}^{s}-c_{q-1}^{s}i+\alpha c_{q-1}^{s-1}-c_{q-1}^{s-1}\alpha for q odd\end{array}$
$\Lambda$
: $\partial_{q}\cdot\partial_{q+1}=0(q\geq 0)$ $\Lambda$
$T_{q}$ : $Z_{q}arrow Z_{q+1}(q\geq-1)$ :
$q=-1$ $T_{-1}$ : $Z_{-1}=\Lambdaarrow z_{0;\lambda}\mapsto c_{0}^{1}\lambda$ $(\forall\lambda\in\Lambda)$ .
$q\geq 0$
$T_{q}(i^{m}c_{q}^{s})=\{\begin{array}{ll}mc_{q+1}^{1} (s=1),0 (s\geq 2),\end{array}$
$T_{q}(i^{m}\alpha c_{q}^{s})=\{\begin{array}{ll}mc_{q+1}^{1}-mc_{q+1}^{1}\alpha+i^{m}c_{q+1}^{2} ( s=1 and q odd),mc_{q+1}^{1}\alpha+i^{m}c_{q+1}^{2} ( s=1 and q even),i^{m}c_{q+1}^{s+1} (s\geq 2).\end{array}$
$m=0,1$ $T_{q}:Z_{q}arrow Z_{q+1}(q\geq-1)$ contracting homotopy
$\partial_{q+1}T_{q}+T_{q-1}\partial_{q}=id_{Z_{q}}$ $(q\geq 0)$
$(Z, \partial)$ $\Lambda$ $\Lambda$
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$M$ $q$ $M$ $q$ $M^{q}$
$k$ 1 $0$ $\Lambda^{q+1}$ k :
$\iota_{q}^{k}=\{\begin{array}{ll}(0, \ldots, 0,\check{1}, 0, \ldots, 0)k (if 1\leq k\leq q+1),0 (otherwise).\end{array}$
1 $<k$ $k>q+1$ $\iota_{q}^{k}=0$ $(Z, \partial)$
$Hom_{\Lambda^{e}}(-, \Lambda)$ complex
$(Hom_{\Lambda^{e}}(Z, \Lambda), \partial^{\#}):0arrow\Lambdaarrow^{\partial_{1}^{\#}}\Lambda^{2}arrow\Lambda^{3}\partial_{2}^{\#}arrow\Lambda^{4}\partial_{3}^{\#}arrow\Lambda^{5}\partial_{4}^{\#}arrow\ldots$ ,
$\partial_{q+1}^{\#}(\lambda\iota_{q}^{s})=\{\begin{array}{ll}(i\lambda-\lambda i)\iota_{q+1}^{s}+(\alpha\lambda-\lambda\alpha)\iota_{q}^{s}\ddagger_{1}^{1} for q odd,(i\lambda+\lambda i)\iota_{q+1}^{s}+(\alpha\lambda+\lambda\alpha-\lambda)\iota_{q}^{s}\ddagger_{1}^{1} for q even.\end{array}$
complex
$HH^{n}(\Lambda)=\{\begin{array}{ll}Z (n=0),0 ( n odd),Z/2Z ( n(\neq 0) even)\end{array}$
$n(>0)$ $HH^{n}(\Lambda)=Z/2Z$
Yoneda
$HH^{2}(\Lambda)$ $\sigma=\iota_{2}^{1}$ $\sigma$ $\Lambda$
$\sigma:Z_{2}arrow\Lambda;c_{2}^{1}\mapsto 1,$ $c_{2}^{2}\mapsto 0,$ $c_{2}^{3}\mapsto 0$
$\sigma$ lifting
Lemma 4. a lifling $f_{n}$ : $Z_{n+2}arrow Z_{n}$ $f_{n}(c_{n+2}^{k})=c_{n}^{k}$ $n\geq 0$
$\sigma$ lifting Yoneda $\sigma^{m}=\iota_{2m}^{1}\in HH^{2m}(\Lambda)$ $(m\geq 1)$




\S 3. Hochschild cohomology ring of a generalized quaternion algebra
$a,$ $b$ $0$ $Z$




$q\geq 0$ $Y_{q}=(\Gamma\otimes\Gamma)^{q+1}$ ( $\Gamma\otimes\Gamma$ $q+1$ )
\S 2 $k$ $1\otimes 1$ $0$
$Y_{q}$ $c_{q}^{k}$ $1<k$ $k>q+1$ $c_{q}^{k}=0$
$Y_{q}=\oplus_{k=1}^{q+1}\Gamma c_{q}^{k}\Gamma$
Theorem 6. $\Gamma$ $\Gamma$
$(Y, \delta)$ :. . $arrow Y_{3}arrow^{\delta_{3}}Y_{2}arrow^{\delta_{2}}Y_{1}arrow^{\delta_{1}}Y_{0}arrow^{\delta_{0}}\Gammaarrow 0$
$\delta_{0}$ : $Y_{0}arrow\Gamma;\gamma_{1}c_{0}^{1}\gamma_{2}=\gamma_{1}\otimes\gamma_{2}\mapsto\gamma_{1}\gamma_{2}$ (multiplication map)
$\delta_{q}:Y_{q}arrow Y_{q-1}$ $(q>0)$
$\delta_{q}(c_{q}^{s})=\{\begin{array}{ll}ic_{q-1}^{s}-c_{q-1}^{s}i+jc_{q-1}^{s-1}-c_{q-1}^{s-1}j for q odd,ic_{q-1}^{s}+c_{q-1}^{s}i+jc_{q-1}^{s-1}+c_{q-1}^{s-1}j for q even\end{array}$
$\Gamma$
$a=-1,$ $b=-1$ $\Gamma$ $\Gamma$ [3]
differential
: $\delta_{q}\cdot\delta_{q+1}=0(q\geq 0)$ $\Gamma$
$T_{q}$ : $Y_{q}arrow Y_{q+1}$ $(q\geq-1)$ :
$q=-1$ $T_{-1}$ : $Y_{-1}=\Gammaarrow Y_{0;\gamma}\mapsto c_{0}^{1}\gamma(\forall\gamma\in\Gamma)$ .
$q\geq 0$
$T_{q}(i^{m}j^{n}c_{q}^{s})=\{\begin{array}{ll}mc_{q+1}^{1} (s=1, m=0,1, n=0),(-1)^{q}mc_{q+1}^{1}j+i^{m}c_{q+1}^{2} (s=1, m=0,1, n=1),0 (s\geq 2, m=0,1, n=0),i^{m}c_{q}^{s}\ddagger_{1}^{1} (s\geq 2, m=0,1, n=1).\end{array}$
$m=0$,1. $T_{q}$ : $Y_{q}arrow Y_{q+1}(q\geq-1)$ contracting homotopy
$\delta_{q+1}T_{q}+T_{q-1}\delta_{q}=id_{Y_{q}}$ $(q\geq 0)$
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\S 2 $M$ $q$ $M$ $q$ $M^{q}$
$k$ 1 $0$ $\Gamma^{q+1}$ $\iota_{q}^{k}$
$1<k$ $k>q+1$ $\iota_{q}^{k}=0$
$(Y, \delta)$ $Hom_{\Gamma^{e}}$ $(-, \Gamma)$ $\Gamma$
complex
$(Hom_{\Gamma^{e}}(Y, \Gamma), \delta^{\#}):0arrow\Gammaarrow^{\delta_{1}^{\#}}\Gamma^{2}arrow^{\delta_{2}^{\#}}\Gamma^{3}arrow^{\delta_{3}^{\#}}\Gamma^{4}arrow^{\delta_{4}^{\#}}\Gamma^{5}arrow\cdots$ ,
$\delta_{q+1}^{\#}(\gamma\iota_{q}^{s})=\{\begin{array}{ll}(i\gamma-\gamma i)\iota_{q+1}^{s}+(j\gamma-\gamma j)\iota_{q}^{s}\ddagger_{1}^{1} for q odd,(i\gamma+\gamma i)\iota_{q+1}^{s}+(j\gamma+\gamma j)\iota_{q}^{s}\ddagger_{1}^{1} for q even\end{array}$
complex
Theorem 7. $\Gamma$ :
$HH^{n}(\Gamma)=\{\begin{array}{ll}Z (n=0),(Z/2dZ)^{n}\oplus(Z/2Z)^{n+1} ( n odd),Z/2aZ\oplus(Z/2dZ)^{n-1}\oplus Z/2bZ\oplus(Z/2Z)^{n} ( n(\neq 0) even).\end{array}$
$d=gcd(a, b)$ ($a,$ $b$ )
Remark. $a=\pm 1,$ $b=\pm 1$
$HH^{n}(\Gamma)=\{\begin{array}{ll}Z (n=0),(Z/2Z)^{2n+1} (n\geq 1)\end{array}$
$HH^{n}(\Gamma)$ Yoneda $HH^{*}(\Gamma)$
$d=gcd(a, b),$ $a’= \frac{a}{d},$ $b’= \frac{b}{d}$
$HH^{1}(\Gamma)$ :
$HH^{1}(\Gamma)=Z/2Z(ij, 0)\oplus Z/2Z(0, ij)\oplus Z/2dZ(a’j, -b’i)$ .
$HH^{1}(\Gamma)$
$\lambda_{1}=(ij, 0),$ $\mu_{1}=(0, ij),$ $\nu_{1}=(a’j, -b’i)$ .
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$2\lambda_{1}=2\mu_{1}=2d\nu_{1}=0$ $\lambda_{1},$ $\mu_{1},$ $\nu_{1}$ $\Gamma$
$\hat{\lambda}_{1}:Y_{1}arrow\Gamma;c_{1}^{1}\mapsto ij,c_{1}^{2}\mapsto 0$ ,
$\hat{\mu}_{1}:Y_{1}arrow\Gamma;c_{1}^{1}\mapsto 0,$ $c_{1}^{2}\mapsto ij$ ,
$\nu_{1}:Y_{1}arrow\Gamma;c_{1}^{1}\mapsto a’j,$ $c_{1}^{2}\mapsto-b’i$
Lemma 8. (i) $\lambda_{1}$ lifting $u_{n}$ : $Y_{n+1}arrow Y_{n}$ initial pad :
$u_{0}(c_{1}^{1})=ijc_{0}^{1},$ $u_{0}(c_{1}^{2})=0$ ;
$u_{1}(c_{2}^{1})=-ijc_{1}^{1},$ $u_{1}(c_{2}^{2})=-ijc_{1}^{2},$ $u_{1}(c_{2}^{3})=0$ .
(ii) $\mu_{1}$ lifting $v_{n}$ : $Y_{n+1}arrow Y_{n}$ initial part :
$v_{0}(c_{1}^{1})=0,$ $v_{0}(c_{1}^{2})=ijc_{0}^{1}$ ;
$v_{1}(c_{2}^{1})=0,$ $v_{1}(c_{2}^{2})=-ijc_{1}^{1},$ $v_{1}(c_{2}^{3})=-ijc_{1}^{2}$ .
(iii) $\nu_{1}$ lifting $w_{n}$ : $Y_{n+1}arrow Y_{n}$ initial pad :
$w_{0}(c_{1}^{1})=a’jc_{0}^{1},$ $w_{0}(c_{1}^{2})=-b’ic_{0}^{1}$ ;
$w_{1}(c_{2}^{1})=-a’jc_{1}^{1},$ $w_{1}(c_{2}^{2})=b’ic_{1}^{1}-a’jc_{1}^{2},$ $w_{1}(c_{2}^{3})=b’ic_{1}^{2}$ .
$HH^{2}(\Gamma)$
$HH^{2}(\Gamma)=Z/2aZ(1,0,0)\oplus Z/2bZ(0,0,1)\oplus Z/2dZ(0,1,0)$
$\oplus Z/2Z(i,j, 0)\oplus Z/2Z(0, i,j)$
$HH^{1}(\Gamma)$ Yoneda
Proposition 9. $HH^{2}(\Gamma)$ :
$\lambda_{1}^{2}=ab(1,0,0),$ $\mu_{1}^{2}=ab(0,0,1),$ $\lambda_{1}\mu_{1}=ab(0,1,0)$ ,
$\lambda_{1}\nu_{1}=a’b(i,j, 0),$ $\mu_{1}\nu_{1}=a’b(0, i,j),$ $a’\lambda_{1}^{2}+b’\mu_{1}^{2}+d\nu_{1}^{2}=0$.
$a=\pm 1,$ $b=\pm 1$ $HH^{2}(\Gamma)$ $\lambda_{1,\mu_{1},\nu_{1}}$
$HH^{2}(\Gamma)$
$\tau_{2}=(1,0,0),$ $\xi_{2}=(0,0,1)$ ,






$\hat{\tau}_{2}:Y_{2}arrow\Gamma;c_{2}^{1}\mapsto 1,$ $c_{2}^{2}\mapsto 0,$ $c_{2}^{3}\mapsto 0$ ;
$\hat{\xi_{2}}$ : $Y_{2}arrow\Gamma;c_{2}^{1}\mapsto 0,$ $c_{2}^{2}\mapsto 0,$ $c_{2}^{3}\mapsto 1$ ;
$\lambda_{2}:Y_{2}arrow\Gamma;c_{2}^{1}\mapsto i,$ $c_{2}^{2}\mapsto j,$ $c_{2}^{3}\mapsto 0$ ;
$\mu_{2}$
$:Y_{2}arrow\Gamma;c_{2}^{1}\mapsto 0,$ $c_{2}^{2}\mapsto i,$ $c_{2}^{3}\mapsto j$ ;
$\nu_{2}:Y_{2}arrow\Gamma;c_{2}^{1}\mapsto 0,$ $c_{2}^{2}\mapsto 1,$ $c_{2}^{3}\mapsto 0$
$2a\tau_{2}=2b\xi_{2}=2\lambda_{2}=2\mu_{2}=2d\nu_{2}=0$ ,
$\lambda_{1}^{2}=ab\tau_{2},$ $\mu_{1}^{2}=ab\xi_{2},$ $\lambda_{1}\mu_{1}=ab\nu_{2},$ $\lambda_{1}\nu_{1}=a’b\lambda_{2},$ $\mu_{1}\nu_{1}=a’b\mu_{2}$
Lemma 10. (i) $\tau_{2}$ lifting $f_{n}$ : $Y_{n+2}arrow Y_{n}(n\geq 0)$ $f_{n}(c_{n+2}^{k})=c_{n}^{k}$
(ii) $\xi_{2}$ lifting $g_{n}$ : $Y_{n+2}arrow Y_{n}(n\geq 0)$ $g_{n}(c_{n+2}^{k})=c_{n}^{k-2}$
(iii) $\nu_{2}$ lifting $h_{n}$ : $Y_{n+2}arrow Y_{n}$ $h_{n}(c_{n+2}^{k})=c_{n}^{k-1}$
(iv) $\lambda_{2}$ lifting $s_{n}$ : $Y_{n+2}arrow Y_{n}$ initial part $s_{n}(c_{n+2}^{k})=jc_{n}^{k-1}+ic_{n}^{k}$ , $(n=0,1,2)$
(v) $\mu_{2}$ lifting $t_{n}:Y_{n+2}arrow Y_{n}$ initial part $t_{n}(c_{n+2}^{k})=jc_{n}^{k-2}+ic_{n}^{k-1}$ , $(n=0,1,2)$
lifting Yoneda
Proposition 11. $HH^{3}(\Gamma)$ $\lambda_{1},$ $\mu_{1},$ $\nu_{1},$ $\tau_{2},$ $\xi_{2},$ $\lambda_{2,\mu_{2}},$ $\nu_{2}$
$HH^{3}(\Gamma)$ :
$\mu_{1}\tau_{2}=\lambda_{1}\nu_{2},$ $\lambda_{1}\xi_{2}=\mu_{1}\nu_{2},$ $\lambda_{1}\mu_{2}=\mu_{1}\lambda_{2}=d\nu_{1}\nu_{2},$ $\lambda_{1}\lambda_{2}=d\nu_{1}\tau_{2}$ ,
$\mu_{1}\mu_{2}=d\nu_{1}\xi_{2},$ $\nu_{1}\lambda_{2}=a’\lambda_{1}\tau_{2}+b’\lambda_{1}\xi_{2},$ $\nu_{1}\mu_{2}=a’\mu_{1}\tau_{2}+b’\mu_{1}\xi_{2}$ .
Proposition 12. $HH^{4}(\Gamma)$ $\tau_{2},$ $\xi_{2},$ $\lambda_{2,\mu_{2}},$ $\nu_{2}$ $HH^{4}(\Gamma)$
:
$\tau_{2}\mu_{2}=\lambda_{2}\nu_{2},$ $\lambda_{2}\xi_{2}=\mu_{2}\nu_{2},$ $\tau_{2}\xi_{2}=\nu_{2}^{2}$ ,
$\lambda_{2}^{2}=a\tau_{2}^{2}+b\tau_{2}\xi_{2},$ $\lambda_{2}\mu_{2}=a\tau_{2}\nu_{2}+b\nu_{2}\xi_{2},$ $\mu_{2}^{2}=a\tau_{2}\xi_{2}+b\xi_{2}^{2}$ .




Theorem 13. $\Gamma$ $HH^{*}(\Gamma)$ $Z$
$\lambda_{1},$
$\mu_{1},$





$\lambda_{1}^{2}=ab\tau_{2},$ $\mu_{1}^{2}=ab\xi_{2},$ $\lambda_{1}\mu_{1}=ab\nu_{2},$ $\lambda_{1}\nu_{1}=a’b\lambda_{2},$ $\mu_{1}\nu_{1}=a’b\mu_{2}$ .
(iii) degree-3 relations
$\mu_{1}\tau_{2}=\lambda_{1}\nu_{2},$ $\lambda_{1}\xi_{2}=\mu_{1}\nu_{2},$ $\lambda_{1}\mu_{2}=\mu_{1}\lambda_{2}=d\nu_{1}\nu_{2},$ $\lambda_{1}\lambda_{2}=d\nu_{1}\tau_{2}$ ,
$\mu_{1}\mu_{2}=d\nu_{1}\xi_{2},$ $\nu_{1}\lambda_{2}=a’\lambda_{1}\tau_{2}+b’\lambda_{1}\xi_{2},$ $\nu_{1}\mu_{2}=a’\mu_{1}\tau_{2}+b’\mu_{1}\xi_{2}$ .
(iv) degree-4 relations
$\tau_{2}\mu_{2}=\lambda_{2}\nu_{2},$ $\lambda_{2}\xi_{2}=\mu_{2}\nu_{2},$ $\tau_{2}\xi_{2}=\nu_{2}^{2}$ ,
$\lambda_{2}^{2}=a\tau_{2}^{2}+b\tau_{2}\xi_{2},$ $\lambda_{2}\mu_{2}=a\tau_{2}\nu_{2}+b\nu_{2}\xi_{2},$ $\mu_{2}^{2}=a\tau_{2}\xi_{2}+b\xi_{2}^{2}$ .
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